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purposes, however, we can expect that when a solute/
solvent pair have

fa > fas = his
only a minimum shift in concentration will arise.

An effectively nonseparable solute could then be
“added” to the solvent and the mixture in its fixed pro-
portion treated as the new “solvent”. Such a step is
thermodynamically permissible and meaningful.

If the mixture is even more complex, but all the solutes
obey the no separation rule, this step is still permissible
and the single “solvent” would in that case be even richer.
Note, however, that it is the matrix 3 and its interaction
with the mixture which decides whether in equilibrium or
in flow the mixture is “one component” or more.

If impermeant species are added to the “solvent” in the
phase outside the matrix, again no departure from the
simple solvent/matrix case discussed in the first part will
arise. Should, however, a solute be added which will only
partially be separated from the “solvent” in the matrix,
the three-component case discussed in the second part
above will be recovered. Here too, however, a set of com-
ponents 2 may be added which, with respect to their in-
teraction with the “solvent” and the matrix, are identical.
Such a situation is less likely to arise in practice than in
the case of a mixed “solvent”, but in principle at least the
“solute” too could be complex and so indeed can the
network, provided all its components are immobilized and
relatively uniformly distributed.

With these generalizations, but bearing these and earlier
assumptions in mind, more complex practical cases, which
arise in biology or technology, can sometimes be discussed
with success.®671!

Conclusions and Summary

We have expressed the phenomenological forces Xy and
Xp in terms of the three (not two) gradients (-Vp), (-VII,),
and (-VII3), which are important. We have shown that
(-Vp) is related to the gradient in network component
extra stress (—Vs) and that the pressure level in the net-
work, with respect to some external reference solution, with

which its surface is in equilibrium, will depend upon the
stress s and the need to balance chemical potentials. The
network component itself will have a gradient in chemical
potential (-Vus/ V3) per unit volume which can be finite
whether the network is rigid or not. (-Vug/V,) is in fact
a direct measure of Xy.

The equations derived are local equations for the gra-
dients. It is assumed that thermodynamic equilibrium
exists locally, i.e., in infinitesimally thin sections normal
to the gradient.

Fluxes other than Jy and Jp, can easily be derived from

the equations given. In particular, the flux Ji3 = ¢, Vi,
and the flux Jy3 = ¢, Vv, have been given in eq 50 and 49,
respectively. .
_ The nonnegative character of the coefficients fy, f13, and
232 helps in the analysis. This fact also establishes the
phenomenological coefficients L, and n as nonnegative.
For given gradients the sign and value of the fluxes can
thus be established.

Only the highly simplified, one-dimensional stress case
has been discussed.
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Elasticity and Stability of a Dense Gel
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ABSTRACT: An extension of the normal Gibbs formulation of statistical mechanics is applied to gels with
permenent cross-links. The formalism permits an evaluation of the free energy in the case where the gel is
dense, taking full account of excluded volume. This theory yields the changes in osmotic pressure upon
cross-linkage and allows fully for syneresis; it enables the full elasticity of the network to be calculated, including
the bulk modulus. Corrections to the simple addition of the free energy terms from network and solution
theories are obtained, and for the case of a network in equilibrium with pure solvent a particularly simple

formula is found.

I. Introduction

The study of the elasticity of gels comprises both the
problems of rubbers and those of polymer solutions.
Whereas rubbers are normally thought of as cross-linked

*The authors consider it an honor to be invited to contribute to
a celebration dedicated to Paul Flory, both on account of scientific
inspiration and personal friendship.

0024-9297/80/2213-0748301.00/0

melts whose compressibility is not interesting, once the
chains are well separated by a solvent the osmotic pressure
becomes a problem of great interest. Roughly speaking
it is given by the difference of the positive solution pressure
and the negative pressure of the network, but to explore
any interactions between these two effects a joint calcu-
lation is essential. A complete stress—strain relationship
for the material is then to be derived.
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All the ingredients of this problem have been separately
studied by Paul Flory,? and answers given to them. What
then remains to be done? We seek here to formulate the
joint problem in precise mathematical terms and thence
to develop techniques for its solution. These latter will
apply to various ranges of the specifying parameters and
should be extendable to any order of accuracy required.

Let us give an immediate illustration of the problem.
Consider the configurational statistics of the chain seg-
ments in a polymer network. Flory pointed out that if
there is present a large excess of unlinked chains and little
solvent then the network chains will have their statistics
screened to Gaussian form. This immediately leads to the
classical formula for the network elasticity and at the same
time to instability of the network to syneresis—in this case
a phase separation of the network from the unlinked
polymer excess. Only the repulsions of the network chains
themselves can prevent total syneresis, but can the in-
teraction of network monomers also generate screened
statistics? Though the answer to this question is generally
agreed to be yes, it is much more difficult on the basis of
simple arguments to say whether the screening is at all
perturbed upon elastic deformation. Thus we resort to a
complete formulation of the system and a joint calculation
of its osmotic and elastic characteristics.

Problems in equilibrium statistical mechanics, in which
all states of the system are accessible, are covered in
principle by the Gibbs formula

o-F/ksT = f o~ /R8T

relating free energy, Hamiltonian, and temperature. In
practice this summation over all possible states can seldom
be evaluated exactly, recourse being made to such tech-
niques as cluster expansion or Monte-Carlo integration.
The characteristic problem with amorphous materials
is that not all states are accessible from each other and
their probability distribution is not given by the Gibbs
formulation appropriate to the prevailing thermodynamic
conditions. Certain degrees of freedom thus have their
values frozen with their distribution determined by the
former history of the system. It is only recently that the
general formulation for amorphous materials, analogous
to that of Gibbs, has started to be explored, though there
is no doubt about the basic formula that if a series of
degrees of freedom x; are frozen at values X; then

F= [P(X) F(X) dX;

where
o FX)/ksT = f TT6(x; - X)e % /*sT
12

and P(X)) is the probability of the x; being frozen at a
particular set of values X;. In the case of a polymer net-
work the frozen degrees of freedom are the arc locations
of the cross-links whose distribution is often related to
thermal equilibrium in the network formation state, and
we will be able to present succinct formulas in these cases.

The problem to be studied here will be as follows. A
solution of polymer chains is cross-linked in a specified
manner—see section II. It will then find its osmotic
pressure reduced, or if reduced to beyond zero it will suffer
syneresis. Furthermore it will now have a characteristic
equilibrium shape, to perturbation about which it will show
a solid-type elastic response. We formulate the equation
of state generally (i.e., abstractly as above) and then spe-
cifically in terms of: the density of polymeric material, p;
the interaction constant, w ~ (T - 0) (# = the Flory tem-
perature); the number density of cross-links, p,; the length

Elasticity and Stability of a Dense Gel 749

of a single chain, L; and the step length of the polymer,
l. In terms of the latter the first four parameters can be
made dimensionless. Furthermore we will be concerned
with the case where the number of cross-links per chain
is large and the system is securely gelled; thus L is not an
important parameter and we have a three coupling con-
stant problem. The solution developed in this paper will
move away from Flory’s infinitely high density limit, but
remain in the high density regime where clear progress can
be made. The main calculation here is an improved version
of ref 1, having fewer approximations and full details of
computation. There are of course other studies of criti-
callly low cross-link densities, but these regimes are not
considered here.

II. Thermodynamic Formulas

Consider a polymer solution consisting of N chains of
length L in a volume V interacting via a pseudopotential
U between monomers which, since the properties of the
bulk system are determined by the long range correlations,
need have no structure and can be replaced by a 6 function
of strength w where

Pw = fdsr [1 - e“(/ksT) (I1.1)

However the 6 function interaction does lead to divergent
constant terms in the free energy; in order to handle these
as finite terms it is convenient to soften the interaction
to a narrow normalized Gaussian:

3/2
wa(r—r')—»w( ) e @/20@-T  (1],9)

2ma’
For many purposes the only thing which matters is the
total concentration of polymer present, p, so that we can
neglect chain end effects. Then the system can be regarded
as one very long polymer of length £ = NL (where L is
the length of one chain) and p = NL/V. The connectivity
of the chain can be handled very simply by using the
Wiener integral since it is then possible to consider the
averaging in the partition function to be an average over
all paths r(s). The partition function then becomes

e Fo/ksT = f(ér(s)) exp[-% .

%folj;%“(s) - r(s)) ds ds’] (I1.3)

Thus we have introduced a pseudo-Hamiltonian which
represents the potential energy and entropy of chain
configurations (adding the kinetic energy too presents no
problem)

% /hyT = %J‘r? ds =% f f5(e(s) -~ x(s) ds ds’
(IL4)

—L/
ré¢ds -

and this now yields the conventional formula
o-FolksT = J‘ o~ /ksT (IL5)

Now we wish to cross-link the system. This must be
done in a completely characterised way; the simpler the
way, the simpler the theory. Consider first the introduc-
tion of N, sliding links, at random, onto the chains; this
is not strictly possible experimentally but is easy to visu-
alize. These now reach equilibrium with the system at-
taining a free energy F;. The constraint of one such link
can be expressed as

L L
B f” 7o) - x(s) ds ds’ (IL6)
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so that

e~Fi/ksT = j‘e—ﬂ/kBT(%j‘O[J;[é(r(s) -r(s)) ds ds’)N°

(IL7)

The resulting pressure P, = —9F,/dV will be less than P,
=-9F,/0V, > 0, and if P; <0 the system will contract from
volume V to V| at which the pressure is restored to zero.
Now let the sliding of the links be frozen. There will be
no further reduction in pressure (as we shall show) but now
there will be an elastic equation of state so we have

F2(>\1’>\23>\3)

as the final free energy with deformation from the state
in which the links are frozen.

To give a formula for F, we note that the probability of
a set of cross-links being at {s;s;/} is

Plsis) = f or(s)e®msTIloe(s) ~x(s/)  (IL8)

i.e., as in eq IL.7 but without the {s,,s;} being integrated and
normalized by e*/*T, If the {s;s/} are now chosen (ac-
cording to the above distribution) and fixed, the free en-
ergy of the network is obtained by integrating over all other
degrees of freedom

o Fllsisi/kBT = fe*”/kBTﬂé(r(si) -r(s;)) (IL9)

and finally averaging the free energy with respect to the
probability distribution

Fy= [ Flsus) PlsusDIT% dsi ds/  (1110)

Thus
Fy= —kBTfP({si,sﬂ) log [fére‘”/“BTHzS(r(si) -
' r(sm] 1% ds; ds;” (IL11)

A neat reformulation when P is given by (I1.8) is to note
that the logarithm can be expressed as the coefficient of
nin A" =1+ nlog A + order n% Rather than just write
(f e ®/*T[]8)" one can, for a whole number n, think of n
systems or “replicas” and use instead

Jezenrrmst 1 Tatrets) - v<(s:0) (6r°))

a=1 i

(IL.12)

Thus if we take f to denote functional integration through
a box whose sides have been deformed to A;,A,A; of their
original values, then the free energy F, is the coefficient
of n in F(n) where

o F) /kaT =
0 -3 =" H2/kTT 1 1 afe) —
fér H 5r e H/ ffgoﬁ(r (sp)
r"‘(s,-/)) dsi dSi, (II.13)

The quantity given by eq I1.13 can be visualized as the
partition function of a replicated system. This consists
of n + 1 physical polymer systems of which the first (la-
beled 0) has undeformed boundary conditions but the
others (labeled 1 to n) are in the elastically deformed state.
The chain segments in all the replicas explore configura-
tions independently of each other, but the arc locations
of the cross-links—the degrees of freedom frozen in the
original problem—are common to all the replicas. Only
with this total correlation of their locations between all the
replicas are the links allowed to slide. Although this
discussion has been of one long chain to ease the notation,
there is no difficulty in writing the formulae in terms of
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the N chains with 6(x(s;) — r(s;)) being replaced by é(r (s;)
-r,(s))) and [ ds; by 3. ds;, where the index a labels
different chains.

A more realistic physical situation which is identical
mathematically when no collapse occurs is to cross-link the
solution by irradiation or any other instantaneous method,
or a method giving the same distribution as an instanta-
neous cross-linkage. Suppose that such a method produces
N, cross-links and that we can take N, as known. Then
the probability distribution of the cross-link locations is
that of finding the chains touching at those same N, pairs
of points in the original solution. This probability is again
the P of eq I1.8 and the same final form results. Another
more physical case is that of thermal cross-linking where
the links are free to be made and broken. In equilibrium
the fractional fluctuation in the number of links will be
negligible and the statistics will then be identical with
those of the case of sliding links. Furthermore, the notion
of freezing the sliding links is equivalent to, in this case,
performing subsequent experiments on a faster time scale
than that of the link making and breaking processes.

The problem of the cross-linked gel is now reduced to
the problem of a generalization of solution theory by using
a chemical potential for linking, u, either as such (thermal
links) or by direct derivation by using

Bm = M feBuv(M+1)logu du

271
C

(where the closed contour C encloses the origin once in the
complex u plane).
This allows the N, cross-links which give rise to

[ffaIZIO(S(ra(S) r*(s") ds ds ]

to be written as
d IIs(ra(s) -
& uexp[uffu (r%(s)
N
ds ds -(N,+1 1og/.¢+log(2ﬂ)] (11.16)

This finally leads to

o F/hsT = j‘ f - f‘ 5r fdu o~ /kBT-Nlogy

where
#/keT= Lo > free as
[ [ Lo0s) - re60)
d ’
—uf f Eoé(r“(s)-r“(s’)) 2 (1w

and terms which cannot contribute in the thermodynamic
limit have been dropped. In that limit it can also be shown
that,? for a gelled state, the integration over u is dominated
by the steepest descent point thus, giving

Fn) | Fn,w
keT  u| ReT

(IL14)

(I1.15)

re(s)

(IL.17)

ds ds

+ N, log u] (I1.19)
where

(I1.20)

-F(ru) (kT = j‘ fe-kaT

The essential difference between the free interaction of
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the solution and the permanent constraint of the cross-
links lies in the difference between the summation 3, of
the excluded volume terms and the product I, of the
cross-links, as shown in eq I1.18.

The formalism can be easily generalized to the creation
of the cross-links at one temperature, and the study of the
network at another. The temperature enters in w(7) and
we can therefore simply incorporate this in (I1.18) by
changing the excluded volume contribution to

f zyuwaﬂ@ym%w)“ds (11.21)
a=|
where T° is the initial temperature and fora =1, ..., n,

T= is the final temperature. The value of w can be ob-
tained empirically from the thermodynamic functions of
the solution; at T = 6, w is zero.

This formalism is a complete representation of the
problem as formulated and is a minimum representation
of the physical problem. Any further simplification would
destroy the physics of the problem; by the same token it
should be possible to treat any trivial departure from the
current model by a low (e.g., first) order cumulant ex-
pansion about formula I[.17.

Formula II1.17 thus represents the simplest complete
description of a gel. From it we must try to make an
evaluation of the free energy, and it is already a substantial
problem in the simplest limit of a dense system. The
device of using the replica formalism circumvents the
logarithm appearing in eq II.11 and recasts the problem
as the Gibbs formula (eq I1.13). Thus at the cost of in-
troducing an extra parameter n we revert to a problem in
equilibrium statistical mechanics. To obtain F, we require
the identification of the coefficient of n in F(n): with an
analytic calculation for an arbitrary whole number n this
can be done by inspection, but formally we must continue
analytically the expression for F(n) to all positive real n
and evaluate Fy = (9F(n)/an) =¢*

If the reader worries about the taking of n as an integer
while subsequently taking the limit n — 0, he can be re-
assured in three ways.

First, it is not strictly necessary: one can always go back
to the original logarithm and with much greater trouble
get the answers below.

Second, such limits occur in many other places in the-
oretical physics (Fegge trajectories,'* the “n = 0 trick” in
field theory,!® etc.) and Carlson’s Lemma!® provides a
rigorous mathematical background.

Third, polymer problems are dominated by the Gaussian
integral, and this lends itself with unique ease to this kind
of manipulation (it is much easier than in the spin—glass
problem where the n — 0 limit is much trickier but still
seems possible). However it must be made clear that it
is still a difficult calculation to carry out and is substan-
tially more complex than the equivalent calculation for the
incompressible case by Deam and Edwards.? Thus a great
deal of algebra is relegated to appendices.

II1. Some Special Cases

The problem is to evaluate exp[-wf {36 + uf f116]
against the randorm chain distribution exp[-(3/20) { 3 r?.
There are three subproblems valuable for orientation, the
first being the case u = 0 which is polymer solution theory
and does not require the replica technique. In general this
is difficult but for strongly overlapping chains* the intro-
duction of collective variables, the fourier coefficients of
the density,

L
pop = 2:.12 ds etkrald) (IIL.1)
a
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allows the evaluation of partition function as a joint
Gaussian integral in the p;:

oFikaT = f 11 (dpk) [‘Vz%%ﬁkﬂk* -

Ik? 127 L
1/22'12—1:171#)1:*] exp [—1/2%: In ( l]: )] (IIL.2)

This uses the fact that the Jacobian of the transformation
between r(s) and p; (apart from k = 0 for which p = L)

is in the first approximation
]} (I11.3)
the resulting free energy being
R (S I O

(I11.4)

(see Appendix I). The physical result here is that the
repulsive potential between monomers

U/kgTI? ~ wi(r)

e rlw/ip)?
w[ (r) - d7r p

which being a potential with a mean value of zero does not
give excluded volume effects. As predicted by Flory, it
gives only a small change in step length.

The second limit is w = 0 which leaves a ghost network.
Such a network left to itself will collapse into a non-uni-
form ball of material whose size is not proportional to the
amount of material, so we make a respectable problem of
it by imposing a uniform density on the system at a fixed
volume. (This contrivance will not be necessary when we
incorporate excluded volume, which is the main aim of this
paper.) With this in mind, the replica integral II.17 can
be evaluated by simulating

wf f ds ds” [To(5) - £2(5)

by an harmonic localization which restricts the chains to
be near to their affine deformation positions.

For example, if there were only two terms in the replica
formulation, say Ry and R;, and the R, system has been
deformed by the usual \;, one can (for each Cartesian)
introduce new coordinates

Ry + AR, ARy - R,
(1 + A2 P+
whereupon R;? + Ry? = X2 + X,'? and

§ [ 5(Ruts) - Rl 6B - Bytsn) I

271'.[

[k2
exp{ 1/22 12£Pkpk

is screened into

(I11.5)

0= (I11.6)

is first transformed rigorously to

{7 f15X9) = Xols) 8(X,(5) - Xo(6) ds ds

and then simulated by

_q2 2
Q—anlw

One may then write

(I1L.7)
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_3 /2 P q_2 2
farexp{ 2lf(xo + X, )ds—Gle1 ds +

[gfxlzdsmffa(xo) 5()@]} ~

2
forexp —% f (Xy2 + X2 ds - % fxpds+

q2
< o f X2ds + u f f 5(X,) 5(X1)>} (11L8)

where the average ( ) is with respect to the rest of the
partition integral, i.e., a Wiener distribution for X, and
a harmonically localized random walk distribution for X;.
In fact there is a variational principle here:

(ed) = D (I11.9)

8o we can optimise the choice of ¢ by imposing dF/dq =
0. In the full replica system R, Ry, . . ., R, one can gen-
eralize to

_Ry+ MR+ )R,
T 1+ nAy2

0 ete. (II1.10)

which gives the results (Appendix II)

q=3uLlL/lV (I1L.11)
2N,V 2
Fin) = ——2 3 nL"
L1+y)(4
.CQ 3 N 3n/2
oVIIL + mdVe\ 7 LA+ y) )
3n+1)/2 QNCV
8L ( 8 ) + N, log |—————
Ir(1 + 3n)\ 272 L21 +5)
(I11.12)
p=l N EgTE A2 + (terms independent of
—21_’_73[, erms independent o

deformation) (I11.13)

Here the wasted loop correction is

e v[ 3 \*
—;ZZ 2mra?

whose form is unfamiliar only because short loops have
been restricted by softening the contact interaction I1.2
rather than by imposing a minimum loop size /.. These
are essentially equivalent given

i, ~ a®

The final helpful calculation is to consider the two ef-
fects characterized by w and u but for equilibrium sliding
links only to begin with. In such a system there is no shear
modulus and we have no need of replication, but we still
find an interesting extension of the previous work.

Referring to (I1.18) the reader will see that with only one
replica (n = 0) the potentials for cross-linking and excluded
volume take identical form and it follows that if F(w)
denotes the polymer solution free energy of eq II1.4 we
must now have

F/kBT =

(w-p) + N logu (IL14)

1
kT
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The chemical potential u is given in terms of N and V by
(6F/6u)VN = 0, i.e.,

Ne_ —i(Fs(w - u)/ksT)y (I11.15)
u du
This enables us to define
F(N,V) = F(N,V,u(N,V)) (I11.16)

Now the osmotic pressure = is given by

. (@) [ oF n
TT\ev Jy, \avw T \awfun \ 8V /a,

oF
=\ ) (I11.17)
since by the definition of u the second term is zero.
F(u,N,V) can itself be expanded as

F/kgT = N, log u +
v (Fw-n)"
W(w - u)[l + v + order z(w ) ] (I1I1.18)

where the wasted loop correction v is given by eq II1.13,
so that = becomes
1/2

L2 \%
7 /kgT = ﬁ(w - u)[l + order [z(w - u)]
(I11.19)

Thus 7 is reduced by the links and if the system is allowed
to swell or shrink to its equilibrium free size, given by =
= 0, it will end up with w = u. This is a rather remarkable
condition since it results in the polymer chains having
Gaussian statistics, the effects of the excluded volume and
cross-linking theorem canceling exactly. We can easily
calculate u in terms of N and V from (II1.15) and (111.14)
since

Ne 9 L?
— = —— (F,/kgT)y = =(1 + v + order (w - w)/?)
I du 2V
(I11.20)
Thus
2NV
=— w= (IIL.21)
T oa+y) g
and the final size of the network is given by
wL?
===+ :
Vi aN 1+ (I11.22)

Note that for the network initially at some larger size the
osmotic pressure given by eq I11.19 with eq I11.21 is neg-
ative, and so collapse toward V; will occur spontaneously.

It will be shown later that if at V = V; the links are
frozen the computations of section IV become much sim-
pler and the astonishingly simple form results

N,
F=hgT [ sz + H}\l] (I11.23)

1+~ 25

where N./(1 + «v) is the number of elastically active
cross-links. Now in practice the links in a collapsing or
swelling network are not free to slide, and one immediate
consequence is that the wasted loop factor v will be fixed
at its value at formation conditions, v, This does some-
what disrupt the above analysis, but the description of the
equilibrium state by 4 = w and v = v, is so appealing that
we pursue it in this paper.



Vol. 13, No. 3, May-June 1980

IV, Full Calculation
We now return to the evaluation of (I1.20) which we may

rewrite as
-F(u)/kpT = f f e WwE+uX (IV.1)
where
L
W = Z%j; r*2 ds (Iv.2)
£ £ ’
E= ds ds” o spa(s) - r2(s7)  (IV.3)
0 0 2 a@
z L '
x={ ds 45" 175 pa(s) — ra(s))  (IV.4)
0 0 2 a

The variational principle enables us to model this, just as
for the ghost network in section III, by

¢ FW/kaT > o Fluq)/kaT = J‘ J' o W-w0)E-Q+ (W(X-E)+Q)
(Iv.5)

where @ is simply the n-replica generalization of (II.7).
Note however that we are incorporating here the close
similarity between cross-linking X and excluded volume
E, taking the localization € to model only their difference.
Thus in the case of only one replica this formulation re-
verts to that of the end of section III. Another important
consequence is that the inequality in (IV.5) is an equality
at n = 0, so that the inequality itself holds for the terms
of order n alone upon which, finally, our attention will be
focused. The computation now remaining is slightly eased
by noting that

Flu,q) = Fw - u,q,0) - 5 a_ Fw - u,q,0) +
u[( ) Flw'q,u’) ] (IV.6)
w=0w=w-u
where ;
o~ Fan)/ksT = f f e WHEQHX  (IV7)

and ¥ is required only to first order in u.

The problem is to combine the collective density coor-
dinates which solve the polymer solution, together with
the linear transformation of position coordinates which
solves the ghost network. This we do by introducing
collective density coordinates in the whole replica space:

L'x()d
I‘=f R dg
K 0

where the reciprocal vector K has both replica and
Cartesian indices, « and I, respectively, and K-r(s) means

(Iv.g)

Z Z K or ia(S )
Cartesians replicas
i a=0,en

Now X and E are readily expressed as quadratic forms in
T as follows. First

X-_—{£+—ZI‘F*}

v Ty (Iv.9)

where the prime excludes from the summation K = 0
whose contribution is given explicitly by the preceding
term, and V is the hypervolume of the replicated system:

Y= HVOI = V(V)" (IVlO)
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the tilda denoting the deformed state. The points of
summation over K are the reciprocal lattice vectors of the
replicated space. Second

5 H 5*(K®) ]r *} (IV.11)

Y B
E= {ZV +ZFZ

where ¢¢ is a Kronecker delta and the second term is
conveniently represented as

2lVZ’FKpZ(K)FK* (IV.12)
where
_ v 1/2 s
plk) = ;(7) ;};IJS (x8) (IV.13)

Note that p is just a weighted sum of operators which
project out from the T, the individual replica density co-
ordinates p%(x%). The two terms vE — uX may be expressed
as

L2 uL?
E-uX = = LY IG T V.14
vE — u {Z v Y, Z } ( )
where
G. = p’x) - — (IV.15)
x Y

is a diagonal matric acting on the vector space of the T,.
The evaluation of F now requires
VLz uL? ] ]

. e—(l/Z)[Z (L2 V)= (uL2)3)]- (ZJ/kBT)<e~(1/2)): G )

e'g/kBT = er e X

Sew|-w-q-lorors- 2[

(IV.16)
where :
¢~ D/keT = f f eW-Q = gmiLe/2 (IV.17)

and the average is with respect to the distribution e"%-4.
At this point we can apply the same method as in the
polymer solution calculation, changing variables from r*(s)
to the I', and replacing the Jacobian by its cumulant ex-
pansion truncated at second order. This Gaussian ap-
proximation to the distribution is

e~(1/Dtrace In(xC)+(F-T)-CL(r-T)") (IV.18)
where the T' are the first moments,
L, =«T) (IV.19)
and C is the variance matrix
Ckx = ((Tx - T (T - Tg)*) (IV.20)

the averages being with respect to e "2, It is important
to note that with @ present, Cg k- is no longer a diagonal
matrix in contrast to the simple solution case. Integrating
over the T, then gives (Appendix III)

(e /DTGy = o8 (Iv.21)
where
§ =V, trace In (1 + C-G) + /,T-G-(1 + C.G)"L.T*
(Iv.22)

and substituting G = p% - (u/V) gives to order u
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¢ = Y% trace In (1 + Cp? + %I-p?(1 + Cp?)~L.T* -

2‘\/' trace (1 + Cp?).(I'T* + C) (IV.23)

Note that C + I'T* is just the direct second moment ma-
trix,

Mg = (Tglg™) (IV.24)
Furthermore, it is shown (Appendix IV) that in the sub-

space projected out by p all the first moments are zero,
so that

C.p = M.p
The quantity § then simplifies to

(Iv.25)

¢ =Y trace In (1 + Mpz) -

2_‘\/ trace (1 + Mp? LM (IV.26)
and using the cyclicity of a trace with the expansion of both
In (1 + Mp? and (1 + Mp?)! this can be rearranged to
give
¢ =Y trace In (1 + pMp) -

7
W(trace M - trace pM?p(1 + pMp)™!) (IV.27)

The term (u/2%V) trace M is simply the average of X in
the absence of excluded volume, yielding

3n/2 L (3n+1)/2
K Lz( q) L3 (3 N
2V, 27 I 7#@Bn+ 1)\ 97¢2

order q'/? (IV.28)

when the K = 0 contribution is included (Appendix Va).
The excluded volume correction to this gives

trace pM?p(1 + pMp)! =

B Ve 2L 3Ly /*

22 Vo( ) = ( e ) (IV.29)
(Appendix Vb) where in both of the above expressions V,,
denotes the volume of the X, replica,

VO = VH(l + nki2)1/2

2‘\/

(IV.30)

The term !/, trace In (1 + pMp) simply gives the sum of
the separate polymer solution contributions together with
the following correction due to the harmonic localization

n 1/2 (7 \1/2
?q (3u.zcv) I+(3u,lz:v) (3—1)]

(Appendix VI) where

(Iv.31)

I=3)\2 (Iv.32)
t

From this we can reconstruct the generating function ¥
and hence by eq IV.6 F(u,q) (Appendix VIII). The me-
chanics of making this stationary with respect to both u
and q are also dealt with in that appendix in the limit u/w
<« 1. For this case of a slightly linked system the free
energy of deformation is found to be

- wL?

F/kgT = W(_ - %0 m)
B1/2]

1 - /2

N,
I+ [1/2Z>\2+

% In l1+ [31/2+ zv] (IV.33)
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where the parameter ¢ is given by
6( 3wv \'?
= ;( 7 ) (IV.34)
and the wasted loop correction is
1 (5)3/2 wv
_ 2\« Lal (IV.35
Y= 1= % .35)
B is the bulk deformation
1%
B= v 1IN (Iv.36)

It will be seen that ¢ = 0 and N, = 0 each return us to the
appropriate limits. Note also that the above result is re-
stricted to the regime u/w < 1 and that the Gaussian
approximation to the Jacobian used in (IV.18) is exact only
to first order in ¢. The opposite extreme of cross-linking
is the regime u/w = 1, the collapsed (or swelled) network
state discussed at the end of section III. For u comparable
to w, ¢ becomes

3w - wV\/?
=%('13—£——) =0 for w=u

(Iv.37)
Also we have
w,£2 Nc
v S 17 - (I11.23a)
so that the above formula reduces to
F= Ne ZA 2 H I11.2
I+ + (I11.23)

This has a ghost network response to shear deformation
and a well-defined positive bulk modulus,

K= T [2B° - B

(Iv.38)

Poisson’s ratio for this material is '/,.

V. Discussion

It is interesting to discuss our results in terms of a phase
diagram with w and p as the variables. This is given in
Figure 1. As shown in section III, a network with w < g
will collapse and, at the end point, u ~ N, V/ L% = »/p,
where v is the fraction of cross-links to monomers. Thus
the region w < v/p is unstable. The departure from
Gaussian chain statistics is governed by the parameter

1/2
6 w-u
¢ = ;(3 o )

so that for w < u + pl® we are in a screening regime. The
main calculation we have presented is valid in the heart
of the screened regime, i.e., region II of the diagram.
Second we have presented a calculation for the state of zero
osmotic pressure (w = p), i.e., line I of the diagram. The
intermediate regime has not been calculated but presents
no difficulty in principal, in contrast to region III. Here
all the difficulties of a semidilute polymer solution apply
and in the absence of a direct analytic approach to that
alone, we cannot attempt a replica calculation.
Entanglements have not been considered at all in the
present work. Although we would not expect them to be
important for dilute gels, it remains to be checked whether
neglecting them is consistent with regime II, i.e., screening
and light linking (4 < w). Certainly they should not be
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Figure 1.

important for regime I, the free network.

The free energy of deformation, eq IV.33, which applies
to regime II reduces to the polymer solution theory of ref
6 in the absence of cross-links. More interesting is the limit
of high density (¢ — 0) in which the screening becomes
perfect and we cbtain exactly the phantom network result
for the shear modes together with a positive osmotic
pressure. (Interaction between the phantom network and
polymer solution responses—a contravention of the so-
called “additivity assumption”—appears at first order in
¢.) The cross-links force increased contact between the
chains locally and collectively they impede long range
density fluctuation by their elasticity. Wasted loops are
increased by the excluded volume since this suppresses
interchaih contacts more effectively than it does short
loops—this is in contrast to the authors’ earlier conclusion
in ref 1 where the effect on interchain contacts was sup-
pressed by the approximations made there. While the
additivity assumption has hitherto been the only tractable
basis for the development of network theories, the exist-
ence of departures from it—which the present calculation
supports—has long been discussed in view of network
swelling experiments.!'™?® As to whether the effects cal-
culated here correspond to the experimental observations!?
or not is however a matter left open.

VI. Conclusion

The theory presented has been the simplest which is not
just adding together the free energies of network and so-
lution independently. The high-density limit was chosen
because of the ease with which that limit can be calculated.
In semidilute conditions the problem becomes much more
difficult since although solution theory on its own takes
on attributes of the mathematics of critical phenomena,
it is not at all clear what happens when both network and
solution behaviors are present. A more serious fault than
this is the neglect of entanglements, which is rigorously
justified in the thermodynamics of the solutions but not
in network theory and hence not here. Although it is not
done here, it is clear that the ideas in the dynamics of
dense polymers, their diffusion,®® and viscoelasticity” !0
suggest that it will not be too difficult to include them
under dense conditions. The semidilute region however
again presents difficulty.

The inclusion of polymer interactions breaks the sym-
metry which exists for rotations within the whole replica
space. This rotational symmetry is broken by the choice
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of trial functions with the property that the replicas are
on average affinely deformed relative to the initial con-
dition, but without the polymer interaction this choice
appears arbitrary even though it is clearly correct on
physical grounds.

The same problem was resolved in James and Guth’s!?
treatment by fixing chains to the walls of the containing
box, but this should not be physically necessary. These
difficulties are resolved by the incorporation of solution
theory. They would not have been resolved in entangle-
ment theory since entanglements have the nature of
cross-links from the point of view of this particular
question.

Appendix I

First note that the distribution, eq IIL3, is simply the
normalized joint Gaussian distribution with the correct
second moments

12L

IR?

where here as elsewhere in this paper & is a Kronecker 4.
It is important to take account of the fact that the density

in real space is a real number so that p,* = p_,; then
performing the integral of eq II1.2 gives immediately

oF/ksT =

exp[—%% In 1

{orop™) =

1271:[
lk?

k% Ll lLﬂ
12£ V| 2 \%

Zl

2%

where the last term is simply the contribution of the k =
0 mode. Thus

_ 12,£w’ 1 wLl?
F/kgT = zln }1 + 43 _v =
12,£w 12Lw 12,Cw 1wL?
> |1 ]1 + - TwL”
2%[ i lk2V 1k2V ] 2y v T2V

Now at large k the first summand above has k™ as its
leading term and so the first summation clearly exists. The
second term we shall see to be independent of volume and
hence not contributory to the osmotic pressure, but di-
vergent unless we use the softened interaction given in
(IL2). This exactly introduces a cutoff factor e***/6 so by
using

— v 3
% (27r)3fd k

we obtain, with 2 =1V/12Lw

2
F/kpT = 2(2 )3f 47k dk X

1 1 1 22 1w£2
+ - — _~ _,-6%k%/6
[ (ln ’1 k2$2 kZEZ) + k2$2e ] 2 V

The first integral gives
4r 1
dx x?| In ‘1 + = =
2 (27r)3 53 f [ x2 ]
Vi w2 d
(27)? & 3 x3 1+ x2

4 3(12.@))3/2
(2m? 3\ 1V

the second integral gives

by parts
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a2k? V ].2.£w 1 671'
k2/6 —
(2x )2 szf d @mnz IV 2( )

and reassembling all the terms we obtain

wl 2 wf3wLl)/? 1 6)3/2w
F/RaT = L] 55 wl(lV) +4(71' al]
Appendix II

For full details of this calculation and various extensions
of it the reader is referred to the work of Deam and Ed-
wards.

The replica integral we require here is

e Flnu)/ksT = fﬁl‘a exp[ Zf re? ds +

uj; j; ds;s [Ta(re(s) - r°(s) - N, log u]

Making an orthogonal transformation among the replica
indices from re to X, with X, given by eq II1.10 we in-
troduce the trial harmonic localization as

= gszj; Xt ds

The orthogonality of the transformation ensures that

S re? = X7 and o9 = Tocx

a=0
so by using the varlatlonal principle (eq II1.9) we can write
e—F(ﬂ,M)/kBT > e—F(nuq)/kBT =

f&X‘,exp ;ZZ X’st——z X2ds+

a=0 6! a=1

<f f deSH(S(X(s) X (s) +

¢ n
——Z des—Nclogu ]

61(11

Then
F(n,u,q) /kgT = G /kgT +

c ot ’
<—u f j; b d I}a(xa@)—xa(so)—

61 J X2ds+Nlogu>

where as shown by Deam and Edwards

-y 3ty g
G/kaT = -2 log fox. exp[—zl j; X.?ds

@ AL , _nl.Cq
6zfo Xe ds]' 2

(terms which do not contribute physically)

<f f B 95 11 a6 - X(s0)>

( q )3n/2 3L P sl
sz(u T mpi\2r) TR0+ s\ 22
t

@ropL, _nlLg
<61a§1~£ X ds) T
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Making F(n,u,q) stationary with respect to ¢ then gives

O—+MTL—‘;;€§n1 + order n?
so that
ul
q= 31—‘7 + order n
Substituting this value of ¢ gives to first order in n
nlL 3uL uL? 3uL \¥/?
Flnw) = =y - 2vIIa + n}\i2)1/2(27er) B
3uL Gr+1)/2
zw(1ﬂ+ 3n)(2:a2) * Nelog u

Now making this stationary with respect to u gives

L2 834( 3 Y*\ N
O——(2V+ 11(27.-02) + p + order n

2NV s v({ 3 Y/\!
u= Ve (1 + rll(ﬁ) + order n

which on substitution gives F(n) as per eq II1.12. The free
energy of deformation is then [dF(n)/dn],=¢ which gives
eq III.13.

Appendix ITI

It must first be noted that T, is the fourier transform
of a real density so that I',* = I'_,. Within this space eq
IV.21 can be evaluated directly as

f dT ¢ (1/D(trace In xC+T-DCHT-D'+IGTT  (AT]].1)

where the quadratic form in the exponent can be rewritted
as
(I'-TCHCI+ OHICT+G) x
(T* - (C1+ G)ICIT*) + ICIr*-TCYCL +
G)ICIT* (AIIL2)
The integral then gives e where

= Y, trace In 7#C - ¥, trace In [#(C! + G)™!] +
BBl - CHC! + G)YCIT* = Y trace In (1 + CG) +
LIG(1 + CG)IT*

as stated in eq IV.22.

Appendix IV
We require first the moments

(I'g) = < j;ids eiK"(5]>

where the average is with respect to e, It is most
convenient to change from the coordinates r(s) to X,(s)
of which it suffices to know that

_ )\,-“r,-"‘(s)
XO(s)i = % (Z(}\iﬁ)z)l/z
8

for each Cartesian i and that the others complete an or-
thogonal transformation. To preserve the scalar produce
we also transform the reciprocal vectors K, again requiring
only
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K _ Z AiaKia
RN NO O
]

Note the use of subscript for the transformed coordinates.
Now the distribution factorizes in the X, so that

<eiK'r(s)> - H(eiKaXa(s)>
o

Since X,(s) alone is uniformly distributed over a box of
volume

1+ nA?
V., = — ' = VI + n\dV2
0 VI;I(I + n}\f)l/? I:I( na; )

it follows that
(o) = §1(K)

Thus the first moments vanish unless K is zero. The
operator p(K) projects out only the single replica density
coordinates, i.e., I'(K) for K such the K¢ > 0 for only one
a; with K = 0 excluded it follows that such K can never
have K, = 0 and hence pI'* = T'p = 0 as required for eq
1V.25.

Appendix V
The Second Moment Matrix. The second moments

are
M < “as (Fds eltkro-Kre)
, = s s/ ellKr(s)-K'ris >
ww={ J ds ]

Using the transformed coordinates as in Appendix IV this
becomes

L L
My = j; ds j; ds’ TT(e/KeXaor KXol
[23

The factor from o = 0 gives (K, - K,')e /O and each
a > 0 gives

e_(Ka2/4q)_(Kar2/4q)+(Ka,Kar/2q)e~(lq/3)|s—su

so we obtain

L L
Mg = J; ds fo ds’ 0*(K, - Ky) expl- 504—(1{

K, K,
2z (1-

a>0 2q

Kﬂ/)2 — éK()le — 81 _ e—lq|s—s’|/3)

Now it is convenient to introduce the following notation:
x = K29y 9, = K292 a=1,-+4n

so that x is the collective zero component of K and 7 is the
rest of the vector K, both being reduced by (2¢)%/2
In this new notation
lgL/3
f %

laL/3 g
Myy = = du
v

% du’ 65(x — x)e V22 =xtu-w|-pn (1-e™74) o,
q

lqL
6q;l£ ¢ /de 85(x — xr)e—(1/2)(rrn/)2e—x2y—n-n’(l—e‘y) (AV.1)

From this form we can readily derive the approximations
used in Appendix VI. First for ¢ — 0 we have v « 1
always giving

6.L

M=K-KN)\————
( ,)ql(n2+ x?%)

(AV.2)
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For small n-n’ we expand
e 1) = 1 — (1 - ) + order (n+7)?
which gives
M =
6.L nn’
$(x - x)e W/DoMI=={ 1 _ + order (5-7")?
(x —x ot T+ 22 (+7")
(AV.3)

At large x it is convenient to rewrite the integral in eq AV.1
as

-1 - 1 1
~xly-py(l-e?) = = /(1 — »1/%*
J, dve =5 S dz explonr(1 - 249)
Now
1
1=zl == log z-= —(log 2)? + order x~®
x2 2 x
giving

f dz zmn/* exp[ 217 (log 2)% + order x %3y ]

1 1 )2
il o'/ x
xz'j; dz zmn 1+
/ 7 \2
nn 77 ' nn
~(log 2 2 + order A — ) =
2x* g2 %6\ xt
’ ’ 7 \2
1 nn nn nn
1+ + order | —,| —
x% + e/ (x? + 7')? 28\ xt

and putting this approximation back into expression AV.1,
M becomes

6.L x
lg(x? + n-n')

nn
+ ————— + order x*
[x? + n7']?

In the rest of this appendix we revert to the essentially
exact expression AV.1,
(a) L% + trace M.

M = 5(x - x)e V/Dr)?

lgL/6
L%+ traceM = X % ! dy

e~xty-ni(l-e”)
alk q!

We now procede to replace summation by integration, but
in doing so great care must be taken with the subspace x
= 0 for which the integrand does not vanish as y becomes
large. Thus

—p K + = f &K=

all K

where the bar denotes reduction by appropriate factors of
27

YV = V (2r) 33 Vo = Vo(2m)2
In terms of x,n this becomes

. 7
— (3n+3)/2 3 3n A 3n/2 3n
£ — V(g9 [ d iy + 7.2 { d¥nlmo

One final complication is that without softening the real
space Dirac delta function, as discussed in section I, this
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quantity will not converge. That softening exactly gives
a cutoff factor

o-KYE = o-(aa?/3)x%+n?)

Finally

L2 + trace (Me™*/%) = [‘\7(2q)(3”+3)/2 f d*x d™n +
Voo 6L (lal/
i n/2 3ngl | =
520 fd n|x-0] 1),
2

qa
eXp[ Ky =l e?) - (P ) ] =

Ci'/(Qq)(3n+3)/27r(3n+3)/2_6Z£ X

q
-3/2 9\ -3n/2
lqL/6 qa? qa
- — a7y —_—
j; dy (y+ 3 ) (1 e + 3 ) +

-3n/2
v anj2_sns28L (1948 -y qa
— n - — + —_
VO(Qq) T la J; dy|1-e 3

The first integral is dominated by small y but the second
by large y. Ignoring corrections smaller by an order of
(ga®)'/? we obtain

_ Bn+1)/2 3n/2
w3 6L 1, z(i) 2
2ma? 7l (1+3n) V,\2r
which is the result required in eq IV.28,

(b) Trace [pM2p(1 + pMp)!]. First let us evaluate
directly the matrix

6.L laL/e
MzK'K/ = I;/MK,K”MK",K’ = (E‘I; du) X

6.L lg.L/6 (o
(—qu; du)§5 (x

INSK e 1 —xEu—x’zuz 3n/2
2)(x" - x e VO(ZQ) f

d3nn// e~/ D=1/ 2) (00"} 2-nn" (1-€ ™) ="' (1~€™")
6L laL/s
= ——f du ) X
ql Jo
\/ 3n/2
%flqi/fsdy exzu—n2(1~e“)—xzrnﬂ(l—e")i(i) " & (x -
ql Jo Vo\ 21

x)e- /402

For light linking q, and hence u and v, are small, x and »
are large, and n ~ 7’ giving us finally

_ 2
V({aq\? 6L
2~ —| = - Ny — K(p —
Mk V0(27r) [ gl + 1) ] Pl =2

n’) + corrections smaller by g!/2

In evaluating excluded volume corrections we will antic-
ipate © ~ ¢ and focus upon the lightly linked limit in
which terms of higher order than one in u can be neglected.
Thus we can almost neglect ¢ in a term which carries an
explicit factor of u, save for logarithmic corrections, i.e.,
terms of the form pg™ = u(1 + n log ¢ + order n?). It will
be seen that the above expression for M? is, apart from the
correction (V/Vo)(g/2r)*"/2, the value obtaining at ¢ = 0,

12£ \°
[Mz]q=0 = [M]q=02 = ('”{—f) 5K(K - K’)

Macromolecules

For M we can use the ¢ = 0 value directly:

12.L

M), = — %K - K)

[ ]q 0 lK2
The operator p premultiplies every term in the trace which
we are calculating so that only those values of K for which
p(K) is nonzero can contribute. Thus the implied sum-
mation

trace = X
all K

can be replaced by ¥ > k. where we understand 3" x. to
mean the summation over K= with K? = 0 for 8 # «. Since
both M and M2, hence pMp and pM?p, have been reduced
to diagonal approximations above, the matrix multiplica-
tions are trivial and the whole trace now becomes:

12L Y v 12L Y V(g \2
() )20
« k= Ve \ [K*2 Ve IKe2 ) Vo\2r
Replacing 3 k. by Vefd®K* and substituting K*(IV#/
12.L»)Y/? = k brings this to

_ o 1/2 3n/2
s 8LV ( 3Ly ( q )
= wVy\ Ve 27
as used on eq IV.28.

Appendix VI

We set out here to calculate trace In (1 + pMp) up to
first order in ¢g. Just as in Appendix Vb we can exploit
the projective nature of p to reduce the trace to

trace = 2.2

a K«

We cannot however take a ¢ = 0 approximation to M,
which would be diagonal, but we can exploit the fact that
M is at least diagonal in K, Thus for each a we express
K= in terms of K, writing

trace = 2.2
Ky o

and for each K, we can treat In (1 + pMp) as a matrix
problem in the replica indices « only.
The sum over K| is then trivial once we have evaluated

trgce In (1 + pMp) at each K,

For given K there are only five different elements of the
matrix (pMp),g coming from the following cases: a, o =
B=008>a=0c,a>B=0da=5>0¢0<a
# 8 > 0. So the matrix has the form

b b...
e e...
d e...
e d

pMp = (AVL1)

OO 69
R m Qo

for which explicit evaluation gives (Appendix VII)
traceln (1+pMp)=In(l+a)+nln(l+d-e) +
¢ o be
a+1
1+d-e

n + order n? (AVL.2)

It will be seen that for ¢ = 0 (when M itself is diagonal),
b, ¢, and e are all zero so that



Vol. 13, No. 3, May-June 1980

trgce In (1 + pMp) = [trgce In (1 + pMp)l,=0 +

_ be
1+a 1+d a+1
+ + —_—
1n1+a0 n1n1+d0 " 1+d-e
_—+ 2
+nin|l T+ 4 order n

The value at ¢ = 0 will just give the unlinked polymer
solution contributions, for which the calculation has been
given in section III and Appendix I, so we confine our
attention here to the ¢ dependent corrections. The final
summation over K, we will express as

RS, 32 (g3
%o a V,(2q) fd x

so that with the terms of eq AVL.3 expressed in terms of
x we seek, to final order g, only those terms whose integral
diverges like ¢/ as ¢ — 0. Thus only the forms of the
terms of AVL.3 at large x will be required; to this end the
expansions of the matrix elements of M given in Appendix
V will be used.

(i) Xk, In|(1 + a)/(1 + ay)|. Herea = (v/ V)M(K° K"
so that in the notation of Appendix V we have K = K’and

K‘Z KT)Q

W= 2= 2

20" T g
Thus we need only first order expansion in n?, which gives

v 6L 7’
a= ‘—/ lq?(l - 'i N x2) + Order 7]4 (by (AV'B)) -

I" 2!
DGL(I nx&x)+ordern2
V lgx? 1+ x?

x(1 + nA%x - x2 = nx-A%x

Also
. 20
ap = — E‘5(1 Lp ¥ x) + order n? (by (AV.2))
V lgx? x?
so that
ga =2 6L N x-AZx
TV iga? R+ 1)
Then
1+a a-aqa a-q
= <+ =
1n(1+a0) ln(l 1+(10) 1+a0+
. 2!
order n? = nx-Ax
221+ 231 + )
C=1qV/6.Ly
Summing this over K, gives
_ Ay
Vo(29)%2  d3x n—> =
oed f 31+ 21 + )
nVy(2q)%/? 2A2)47r—§(1 + order ¢{)

Note that ¢ is order g1/2 so that the leading term is of order

q.
(ii) n3 g In (1 + d)/(1 + d,)|. Since this term carries
an explicit factor of n the rest of its evaluation can be made
at n = 0. It is most convenient here to express the re-
ciprocal vectors in terms of k& = K*(2¢)™1/2 so that

K?=2gk? n>=k2—x2=h(l - ADk
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To examine the large & behavior we use

v v 6.L n*
= = = + 4 .
d VM quk2(1 + — " order k ) (by (AV.4))
v 6.L
dy = T/m(b y (AV.2))
This gives
1+d} _ | d-dy| _
S e Rl e
?21;5[1 + 2 R4 )
In ll + 1 ‘ =
2

——————— + order k™
k(1 + £2R?)

where 2 = lqV/6.Ly. Summing over K, is equivalent to
summing over k which gives

1+d ) _ 3/2 7 3 M__.
%nln(Hdo)_n(w A e

n(2q)3/2 L4:7r2—§_ 1- —Z)\Z]

(iii) For the terms (e - be)/(1 + a)/(1 + d - ¢) and In
(1 -e/(1 + d)) we first note that a and d fall off like K2
at large K. By contrast the off diagonal elements e, b, and

¢ fall off like e ™"/2, using eq AV.4, where (n — 7)? ~ 222
As a result

- be
1+a e
z 1+d—e+ln(1—1+d)

has its leading term simply of order g2 and the corrections
to this are higher powers of q.

Then only the diagonal elements of M contribute to
order g in trace In (1 + pMp), and contributions (i) and
(ii) above give expression IV.3.

Appendix VII

We require trace In (1 + pMp) = In det(1 + pMp) where

1+a b b b b b
c 1+d e e e e
c e 1+d e e e
1+ pMp)=|c e e 1+d e e

Making an orthogonal transformation by a matrix T of the
form

1 0 0 0 0 0
0 n—l/z n-x/z n-x/z n—x/z n—:/z“_
0 n—1/1

T=|0 nt/2

{(where the unspecified elements are only restricted to keep
T orthogonal) the matrix becomes
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T(1 + pMp)T' =
1+a bun 0 0
evn l+d-e+ne 0 0
0 0 1+d-e 0
1+d—e

0 0 0

whence det(1 + pMp) = det[T(1 + pMp)T™!] = [(1 + a)(1
+ d-e—ne)—nbc](l + d - e)”, from which eq AVL.2
follows immediately.

Appendix VIII

First we must reconstruct the generating function F.

From eq IV.16, IV.17, and IV.21
1 L2 v L2 nlLg
= -+ oY+ +
F/keT St 3 % e 5 g

and & is given by eq IV.27. Incorporating the polymer
solution terms (of the form of expression 3.4), there cor-
rection, eq IV.31, and the cross-link contributions, eq IV.28
and 1V.29, then gives

1/2
F(v,q.u)/kpT = Z[ 1L% 2.£u(3y£)

2 y= wl \ (V=

3/2 1/2
1(§) L], z.c[Hi(sy.cv) i
A=) o

2 (3uz:v)1/2 ] 3"/2 .
7rl.£ 2V()
(3n+1)/2
l‘ll'(]. + 3n) 27ra2

Ve aneg L 3.6 Y2
22 VO(Q?T) -rrl ( lVa ) (AVIII.l)

Now we must use eq IV.6 to generate F(u,q) which gives

1L 2 1z
FGu)/ksT = Z[ Lo Lw(?’lff)

2 ye wl
3/2 1L 1/2
1(9) wlL | onalLl2f 3wV )
4\~ al 4 ™\ LI
7 \1/2
Z(ﬁﬂ) 6-1]-
LB
L 3n/2 3L 3 (3n+1)/2
_v 22) TR+ e\ ora? )

1V an/2g £ 3.Lw Y2 u?
5%70(%) ﬁ( Wa) + order & (AVIILY)

To order n, the terms containing ¢ are

nql.tl
4

1 1
[1 + §¢I + §¢Bl/2(3 - I)] ~
— log q[ —(1 - o) ] (AVIIL3)

where ¢ = 6/m(38wV/L{?)'/? and B = V/V. These are made
stationary with

3uL 1-9¢)
IV (1 + 3¢l + BY2(3 - D))

q=

the stationary value being

Macromolecules

2
- ¢)( o1 - )] +

log ‘1 + 3¢[I + BY%3 - I)]’)

Now we must determine u to give F(n) in accordance with
eq I1.19. It was shown in ref 1 that it is sufficient to take
the value of u which makes F(n) stationary at n = 0, for
which the u dependence of F(n = 0,u)/ksT + N, log u is

£ 3 1/2
N, log p - u[ o{l-¢)+ (i?) ]
2ra

This is made stationary with respect to u for
2VN,

u:
eV ([ 3 \'/°
2 —_ — _
< (1 * 7r5'5(27“12) d))

but in this case the stationary value is not of interest since
we are interested in the free energy of deformation, this
being the coefficient of n in F(n). This comes solely from
the n dependence of F(u,q), wherein the coefficient of n
is, from eq AVIIL.2,

L2 ) 1)
§ £(1—¢) 1-log 3;‘—;(1_(1,)
A D”) - u[ ;C—;(—%m -9)- Bl/z(b) +
6(5) (ot

Dropping terms independent of deformation gives

= lwLif1 2 1
F/kBT-rv“(ﬁ‘gd’m)*

2

N X
¢ 1/2
LA N T R
wl L\ 2ra?

{2(1 - ¢) log (1 + 3¢[I + (3 ~)BY?]) +

+log |1 + 3¢[I +

)]

3
ora?

Ja-or+ 1¢Bl/2} -

lwlf1 2 1 WE o
falhadindll S S /2
2 V(B 3"”31/2)+1+ (”1—¢B *

-g log ’1 + 36[1 + (8- I)Bl/2]|

where the wasted loop correction « is

_ 1 ov( 3 1/2
YT 1% wlL\ 2ra?
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Graph-Like State of Matter. 14. Statistical Thermodynamics of

Semidilute Polymer Solution
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ABSTRACT: The phase equilibrium behavior of solutions of polystyrene in cyclohexane, covering broad
neighborhoods of their critical points, is well-described by a pseudo-two-phase “bridging” theory. This theory
retains the essential contribution of athermal Poisson statistics of the original version by Koningsveld,
Stockmayer, Kennedy, and Kleintjens. However, the theory has been substantially simplified and amends
the Flory-Huggins model along the lines suggested by its originators. Neither the mean-field character nor
the implicit status of a nonlocalized model is abandoned. Indeed, the translational partition function of the
original model is the only part amended, in order to differentiate the behavior of polymer chains in the “dilute”
and “concentrated” pseudophases. Although the differential effect between the two phases is minute, of order
ET per polymer chain, it reproduces well the expected transitional behavior around the concentration ¢°
(entanglement point). The correction, reinforced by the Huggins second-nearest-neighbor correction, drastically
changes the theoretical virial series and produces the shapes of spinodal and cloud point curves which are
indeed observed. The model is fitted to extensive spinodal data by pulse-induced critical scattering (PICS),
to cloud points, and to critical points. The effects of polydispersity are nicely reproduced by the theory. The
strategy of validating models through successive refinements is briefly discussed. Further refinement of the
statistical mechanical mean-field theory of nonpolar polymer solutions around their critical points now hinges
on the production of test samples more accurately characterized than at present with respect to molecular

weight.

The problem of refining statistical-thermodynamic
models of the free energy AG of mixing of a polymer so-
lution, the basic function from which all its thermodynamic
properties flow, exemplifies the kind of vicious circle which
frequently challenges physical science. It is not that we
lack experimental techniques of sufficient sensitivity:
simple experiments contain an enormous wealth of in-
formation. But unfortunately we need to be in possession
of an excellent free energy function already if we are to
be able to extract that information unambiguously. To
exploit highly sensitive thermodynamic measurements
requires exceedingly well-characterized polymer samples,
but such characterization requires prior knowledge of the
thermodynamics. For an example at a low level: AG
depends on M,, the number-average molecular weight, but
the search for precision in M, founders on the effects of
higher virial coefficients on the requisite extrapolation if
pressed too far.

The strategy to be adopted for breaking such a vicious
circle has been well formulated by Bachelard! in a passage
which may be translated: “As the application (i.e., of
theory) is submitted to successive approximations, one may
say that the scientific concept corresponding to a particular
phenomenon is the pattern of well-ordered successive
approximations. Scientific conceptualization needs a series
of concepts progressing toward perfection in order to re-
alize the dynamism we aim at, to serve as a fulcrum for
inventive ideas.” In the present case, the pattern of orderly
progression is clear. Refinement of AG and the charac-
terization of polymers must work in close harmony, as near
as possible between the unknown domain and what is
firmly established. The next experiment to develop is
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dictated by the next most sensitive physical quantity
measurable which the current state of the statistical-me-
chanical theory can just embrace. It would be counter-
productive to tackle the highly sensitive properties straight
away. If we did, we would be forced to fit several unknown
parameters all at once. Even if we guessed their relative
importance correctly, the set of parameters obtained by
optimization will be vitiated by statistical coupling within
the set. Only at the interface between the known and the
unknown can we hope to introduce one parameter at a
time. This is the correct procedure, which allows the circle
to be broken by constant feedback between characteriza-
tion and refinement.

Successive Refinements of AG

It will emerge that the pattern of well-ordered successive
approximations coincides neither with the historical order
in which they have been proposed nor with the sequence
based on decreasing absclute magnitudes of changes in-
duced in AG itself. A small change in AG may be reflected
in a large change of a derived quantity like a spinodal.

The correct sequence, in the absence of adjustable pa-
rameters, is in decreasing fractional changes in the variance
o? of the relevant optimization in fitting data. The absence
of adjustable parameters is an ideal not fully attainable;
one adjustable parameter is present in the original Flo-
ry—Huggins model, and a second was introduced soon after
(8, and B, below). Thereafter, three more parameters are
associated with four of the succeeding refinements selected
for testing in this work, but all three have molecular sig-
nificance which suggests restrictions to their adjustments
within narrow ranges.
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